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Abstract: We prove estimates for the variation of the eigenvalues of uniformly 
<^ 1 elliptic operators with homogeneous Dirichlet or Neumann boundary conditions 

^ ■ upon variation of the open set on which an operator is defined. We consider 

operators of arbitrary even order and open sets admitting arbitrary strong de- 
generation. The main estimate is expressed via a natural and easily computable 
distance between open sets with continuous boundaries. Another estimate is ob- 
tained via the lower Hausdorff-Pompeiu deviation of the boundaries, which in 
general may be much smaller than the usual Hausdorff-Pompeiu distance. Fi- 
nally, in the case of diffeomorphic open sets we obtain an estimate even without 
the assumption of continuity of the boundaries. 
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1 Introduction 

In this paper we consider the eigenvalue problem for the operator 

Hu = (-l) m Da {A a p{x)DP u ) , x e n, (1.1) 

\a\ = \/3\=m 

subject to homogeneous Dirichlet or Neumann boundary conditions, where m G 
N, fl is a bounded open set in M N and the coefficients A a p are Lipschitz continuous 
functions satisfying the uniform ellipticity condition ( 12. 5 ft on O. For a precise 
statement of the eigenvalue problem, see Definition 12.121 and Theorem 12.81 

We consider open sets Q for which the spectrum is discrete and can be repre- 
sented by means of a non-decreasing sequence of non-negative eigenvalues 

Ai[fi] < A 2 [fi] < - < A n [fi] < ... 
where each eigenvalue is repeated as many times as its multiplicity. 



*This paper has been published in: Sobolev spaces in mathematics. II, Int. Math. Ser. (N. 
Y.), 9, 69-102, Springer, New York, 2009 
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In this paper we prove estimates for the variation 



of the eigenvalues corresponding to two open sets Q\ : f^- 

There is vast literature on spectral stability problems for elliptic operators 
(see e.g., Hale [11], Henry [12] for references). However, little attention has been 
devoted to the problem of spectral stability for higher order operators and in 
particular to the problem of finding explicit qualified estimates for the variation 
of the eigenvalues. Moreover, most of the existing qualified estimates for sec- 
ond order operators were obtained under certain regularity assumptions on the 
boundaries. 

Our analysis comprehends operators of arbitrary even order, with homoge- 
neous Dirichlet or Neumann boundary conditions, and open sets admitting ar- 
bitrarily strong degeneration. In fact, we consider bounded open sets whose 
boundaries are just locally the subgraphs of continuous functions. We only re- 
quire that the 'atlas' A, with the help of which such open sets are described, is 
fixed: we denote by C(A) the family of all such open sets (see Definition 13. ip . 
In C(A) we introduce a natural metric d A (the 'atlas distance') which can be 
easily computed. Given two open sets Q.\,Q,2 G C(A), the distance d_A(Qi,Q 2 ) is 
just the maximum of the sup- norms of the differences of the functions describing 
locally the boundaries of fli and f2 2 (see Definition 15. ip . 

The first main result of the paper is that for both Dirichlet and Neumann 
boundary conditions the eigenvalues of (II. ip are locally Lipschitz continuous func- 
tions of the open set Q G C(A) with respect to the atlas distance d A . Namely, in 
Theorems 15.121 and 16 . 2 5 1 we prove that for each n G N there exist c n ,e n > such 
that for both Dirichlet and Neumann boundary conditions the estimate 



holds for all open sets Qi, f2 2 G C(A) satisfying d^(fli, Q2) < e n . 

By estimate (11. 2p we deduce an estimate expressed in terms of the lower 
Hausdorff-Pompeiu deviation of the boundaries 



To do so, we restrict our attention to smaller families of open sets in C(A). 
Namely, for a fixed M > and u : [0, oof—)- [0, 00 [ satisfying very weak natural 
conditions, we consider those open sets Q in C (A) for which any of the functions 
x 1 — y g (x) , describing locally the boundary of fl, satisfies the condition 



for all appropriate x, y: we denote by (A) the family of all such open sets 
(see Definition I7.3p . For instance, if < a < 1 and u(t) = t a for all t > 
then we obtain open sets with Holder continuous boundaries of exponent a: this 
class is denoted below by C^f(A). It is possible to choose a function u going to 
zero arbitrarily slowly which allows dealing with open sets with arbitrarily sharp 
cusps. 



A n [Qi] - A n [fi 2 ]| < c n d A (Q 1 ,Q 2 ) 



(1.2) 




g(x)-g(y)\<Mcu(\x-y\) 
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The second main result of the paper is for open sets n u n 2 G C^'(A). 
Namely, in Theorem 17.161 we prove that for each n G N there exist c n ,e n > 
such that 

|A„[ni] - X n [n 2 }\ < c n u(d HV (dSl u dn 2 )), (1.3) 

for all open sets Vti,Vt 2 G C^}'\A) satisfying dfi-p(dQi,dn 2 ) < e n . 

In particular in Corollary 17.231 we deduce that if Qi,Q 2 G C^P(A) satisfy 

(fii) e C Q 2 C or (fl 2 ) e C fix C (fi 2 ) e , 

where e > is sufficiently small then 

|A n [^a] -A n [Q 2 ]| <c„w(<0- (1.4) 

Here fi f = {i G H : d(x, d£l) > e}, f2 e = {x G M. N : d(x, fi) < e}, for any set f2 
in R N . 

In the case Qi,Q 2 G C^ a (*4) estimate f ll.4j) takes the form 

|A n [n 1 ]-A n [f2 2 ]| <c n e Q . (1.5) 

In the case of Dirichlet boundary conditions and m = 1 some estimates of the 
form ( II. 5p were obtained in Davies [S] under the assumption that a certain Hardy- 
type inequality is satisfied on Oi (see also Pang [15]). In the case of Dirichlet 
boundary conditions and m = 1, estimate ( II .5p was proved in [5]. In the case 
of Dirichlet boundary conditions, m = 2 and open sets with sufficiently smooth 
boundaries an estimate of the form (jl.5p was obtained in Barbatis [1] . 

In the case of Neumann boundary conditions and m — 1, estimate (II. 5p was 
proved in Burenkov and Davies [1] for open sets 2 G C°} a (^4) satisfying 
(Oi) e C £l 2 C r2i- We remark that the result in [1] concerns only inner deforma- 
tions of an open set and second order elliptic operators. Moreover, the proof in [1] 
is based on the ultracontractivity which holds for second order elliptic operators 
in open sets with Holder continuous boundaries. Since ultracontractivity is not 
guaranteed for more general open sets, we had to develop a different method. 

The third main result of the paper concerns the case Q± = Q and Q 2 = <f>(ti), 
where is a suitable diffeomorphism of class C m . In this case we make very 
weak assumptions on Q: if m = 1 it is just the requirement that H has discrete 
spectrum. Under such general assumptions we prove that for both Dirichlet and 
Neumann boundary conditions there exists a constant c > independent of n 
such that 

|A n [fi]-A n [0(fi)]|<c(l + A n [fi]) max ||I7*(0 - Id)|| L <» (n) , 

0<[a|<m 

if max <|a|< m \\D a ((f) — Id) ||z,°°(S7) < c^ 1 (see Theorem 14.81 and Corollary I4.15p . 

The paper is organized as follows: in Section [2] we introduce some notation 
and we formulate the eigenvalue problem for operator (II. ip ; in Section [3] we 
define the class of open sets under consideration; in Section H] we consider the 
case of diffeormorphic open sets; in Section |5] we prove estimate (II. 2p for Dirichlet 
boundary conditions; in Section [6] we prove estimate (ll.2p for Neumann boundary 
conditions; in Section [7] we prove estimates ( II. 3p . (II. 4p for both Dirichlet and 
Neumann boundary conditions; in Appendix we discuss some properties of the 
atlas distance d^, the Hausdorff-Pompeiu lower deviation d-^v an d the Hausdorff- 
Pompeiu distance d nv . 
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2 Preliminaries and notation 



Let N, m G N and Vt be an open set in R N . We denote by W m ' 2 (tt) the Sobolev 
space of complex- valued functions in L 2 (Q), which have all distributional deriva- 
tives up to order m in L 2 (Q), endowed with the norm 

IMIw™> 2 (n) = \\ DaU \\L 2 (n)- I 2 ' 1 ) 

|o|<m 

We denote by W^\Vi) the closure in W m > 2 (n) of the space of the C°°-functions 
with compact support in Q. 



Lemma 2.2 Let f2 be an open set in R iV . Let V(il) be a subspace of W m,2 {Vt) 
such that the embedding V(Q) C W m ~ 1,2 (Q) is compact. Then there exists c > 
such that 

\\u\\w^(n) < c{\\u\\ L 2 {n) + ^ IP a «IU 2 (Q) )> ( 2 -3) 

|a|=m 

for all u G V(fi). 

Proof. Since (V(f2), || • || mj 2) is compactly embedded in W m ~ l,2 {Vt) and 
W m ~ 1,2 (Q) is continuously embedded in L 2 (Q), by Lions' Lemma (cf. e.g., 
Berger J2j p. 35]) it follows that for all e g]0, 1[ there exists c(e) > such that 

|M| W m-i,2(fi) < e|M|w m . 2 (fi) + c ( e )IMU 2 (n) 

hence 

\\u\\ W m-l,2(n) < (1 ^ -T ll-^^IU 2 ^) + /-^^ \ IMU 2 (")> ( 2 - 4 ) 

|a[=m 

for all m G V(fi). Inequality (I2.3P immediately follows. □ 

Let rh be the number of the multi-indices a = (a%, . . . , ) G with length 
\a\ = ai + ■ ■ ■ + equal to m. Here N = NU {0}. For all a, (3 G such that 
l a l = \P\ = m 5 ^ A a /3 be bounded measurable real- valued functions defined on 
fl satisfying A a p = Ap a and the uniform ellipticity condition 

A MU?>m 2 (2.5) 

\a\ = \/3\=m 

for all x G f2, £ = (£ Q )| a |= m G M m , where 9 > is the ellipticity constant. 

Let V(Q) be a closed subspace of W /m,2 (f2) containing W™' 2 (f2). We consider 
the following eigenvalue problem 




for all test functions v G V(Q), in the unknowns u G V{Q) (the eigenfunctions) 
and A e 1 (the eigenvalues). 

Clearly problem (12. 6p is the weak formulation of an eigenvalue problem for 
the operator H in (II. ip subject to suitable homogeneous boundary conditions 
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and the choice of V(Q) corresponds to the choice of the boundary conditions (see 
e.g., Necas [H]). 
We set 

Qn(u,v)= f A a pD a uD?vdx, Q a {u) = Qn{u,u), (2.7) 

jQ \a\=\f3\=m 

for all 11,1)6 W m ' 2 (tt). 

If the embedding V(Q) C W m ~ 1,2 (fl) is compact, then the eigenvalues of equa- 
tion (12. 6p coincide with the eigenvalues of a suitable operator Hv(q) canonically 
associated with the restriction of the quadratic form Qq to V(Q). In fact, we 
have the following theorem. 

Theorem 2.8 Let be an open set in M. N . Let m G N, 9 > and, for all 

a, (3 G such that \a\ = \/3\ = m, let A a p be bounded measurable real-valued 

functions defined on Q, satisfying A a p = Ap a and condition \2.5\) . 

Let V(Vt) be a closed subspace ofW m,2 (Q) containing W™' 2 (Q) and such that 

the embedding V(Q) C W m ~ 1,2 (tt) is compact. 

Then there exists a non-negative self-adjoint linear operator Hyr™ on L 2 (Q) 

i li 

with compact resolvent, such that Dom(Hy^) = V(Cl) and 

< H v%) u , H v(nf >i 2 (o)= Qaiu, v), (2.9) 

for allu,v G V(Q). Moreover, the eigenvalues of equation \2. 6}) coincide with the 
eigenvalues X n [Hv(n)} of Hv(n) and 

X n [H v(n) ]= inf sup/^-. (2.10) 

dim£=n u^O 1 ' 

Proof. By Lemma I2.2[ inequality (12. 5p and by the boundedness of the co- 
efficients A a p, it follows that the space V(Q) endowed with the norm defined 

^ (ll«lli.<n> + (2.H) 

for all u G V(Q), is complete. Indeed, this norm is equivalent on V(Q) to the 
norm defined by (12. ip . Thus, the restriction of the quadratic form Qq to V(Q) 
is a closed quadratic form on V(Q) (cf. Davies [71 pp. 81-83]) and there exists a 
non-negative self-adjoint operator Hy(n) on L 2 (Q) satisfying Dom(Hy^ n A = V(Q) 
and condition ( 12. 9p (cf. [7, Theorem 4.4.2]). Since the embedding V(Q) C L 2 (VL) 
is compact then Hycn) has compact resolvent (cf. Ex. 4.2]). The fact that the 
eigenvalues of equation (12. 6p coincide with the eigenvalues of the operator Hv(n) 
is well known. Finally, the variational representation in (12. 10)) is given by the 
well-known Min-Max Principle (cf. [7J Theorem 4.5.3]). □ 

Definition 2.12 Let Q be an open set in R . Let m G N, 9 > and, for all 
a, (3 G Nq such that \a\ = \/3\ = m, let A a p be bounded measurable real-valued 
functions defined on Q, satisfying A a p = Ap a and condition A2.5\) . 
If the embedding W™'\n) C W m - l > 2 {VL) is compact, we set 
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If the embedding W m ' 2 (Q) C W m 1,2 {Q) is compact, we set 

An,Af|P] = \i[Hw m < 2 (si)]- 

The numbers \ n ,v[&\> ^n,Af[^] are called the Dirichlet eigenvalues, Neumann 
eigenvalues respectively, of the operator U.l\) . 

When we refer to both Dirichlet and Neumann boundary conditions we write 
just \ n [Q] instead of A n) x>[f2] and A n) jv[0]. 

Remark 2.13 If Vt is such that the embedding W ' 2 (£l) C L 2 (tt) is compact (for 
instance, ifQ is an arbitrary open set with finite Lebesgue measure) then also the 
embedding W™' 2 (Q) C W m ~ 1,2 (Q) is compact and the Dirichlet eigenvalues are 
well-defined. 

If Q is such that the embedding W 1,2 (Q) C L 2 (Q) is compact (for instance, if 
Q has a continuous boundary, see Definition ^. 1\) then the embedding W m ' 2 (Q) C 
W m ~ 1,2 (Q) is compact and the Neumann eigenvalues are well-defined. 

Example 2.14 Let Q be an open set in M. 2 . We consider the bi-harmonic oper- 
ator A 2 in M 2 and the sesquilinear form 

„ , . f fd 2 ud 2 v n d 2 u d 2 v d 2 ud 2 v\ , , r/r ^\ 
Q n (u,v)= / o 2 a2 + 2 a a a a + a 2 a 2 » x > U,v eV{U), 
Jn \ ox( ox( OX1OX2 OX1OX2 0X2 0x2 J 

where V(Q) is either Wq' 2 (Q) (Dirichlet boundary conditions) or W 2,2 (Q) (Neu- 
mann boundary conditions). Recall that the Euler- Lagrange equation for the min- 
imization of the quadratic form Qq(u,u) is A 2 u = 0. Observe that condition 
\2. 5}) is satisfied with 9 = 1. 

Let Hv(q) be the operator associated with the quadratic form Qq as in Theo- 
rem \2.8\ Consider the eigenvalue problem 

H V (n)U = Am. (2.15) 

In the case V(£l) = Wq (Q) equation Ii2.15\) is the weak formulation of the 
classical eigenvalue problem for the bi-harmonic operator subject to Dirichlet 
boundary conditions 

A 2 u = Xu, in Q, 

u = 0, on dn, (2.16) 



du 

r2 



£ = 0, on an, 



for bounded domains Q of class C . Here n = (n 1 ,n 2 ) is the unit outer normal 
to dtt. 

In the case V(Q) = W 2,2 (Q) equation Iji2.15\) is the weak formulation of the 
classical eigenvalue problem for the bi-harmonic operator subject to Neumann 
boundary conditions 



A 2 u = Xu, in Q 

d 2 u 

dn 2 



9 u - 0, on OQ, (2.17) 
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for bounded domains Q of class C . Here 



d 2 u A d 2 u d 2 u d 2 u 

dn 2 ' dxidxj 1 v dndt ' dxidxj 1 v 

i,j=l J M=l 

s denotes the arclengh of dQ (with positive orientation), t = (£1,^2) denotes the 
unit tangent vector to dfl (oriented in the sense of increasing s). This follows by 
a standard argument and by observing that ifu,v 6 C 4 (f2) then by the Divergence 
Theorem 

f f dAu f ( du du \ 

Qn(u,v)= / A 2 uvdx — / — — vda + / ( niV— h n 2 V— — • Vvda 

Jn Jan on J m \ dx\ dx 2 J 

f A 2 ~d f ( ^ U ^ ^ U ^ ~ \ d 

Jn Jdn\dn 2 dn dndt dt dn J 

One may also consider the sesquilinear form 

Q^\u,v) = u / AuAv + (l-v)Q n (u,v), u,v eV(Jl). 
Jn 

If < v < 1 then condition 1(2.5) is satisfied with 9 = 1 — v. Observe that the 
Euler- Lagrange equation for the minimization of the quadratic form Q^\u, u) is 
again A 2 u = 0. 

Let Hyh^ be the operator associated with the quadratic form as in The- 
orem \2.& Consider the eigenvalue problem 

H^u = \u. (2.18) 

In the case V(O) = Wq ,2 (Q) equation $2.18\) is another weak formulation of 
the classical eigenvalue problem \2.10) . 

In the case V(Q) = W 2 ' 2 (Q) equation A2.18\) is the weak formulation of the 
classical eigenvalue problem for the bi-harmonic operator subject to Neumann 
boundary conditions depending on v 

in Q, 

on dn, (2.19) 




The bi-harmonic operator subject to these boundary conditions with < v < 
1/2 arises in the study of small deformations of a thin plate under Kirchhoff 
hypothesis in which case v is the Poisson ratio of the plate (see e.g., Nazaret [T3f 
and the references therein). 



3 Open sets with continuous boundaries 

We recall that for any set V in ~R N and 5 > we denote by V$ the set {x G 
V : d(x, dQ) > 5}. Moreover, by a rotation in M. N we mean a iV x iV-orthogonal 
matrix with real entries which we identify with the corresponding linear operator 
acting in Mr. 
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Definition 3.1 Let p > 0, s, s' G N, s' < s and {Vj}j =1 be a family of bounded 
open cuboids and {rj}j =l be a family of rotations in R . 

We say that that A = (p, s, s', {Vj}j =1 , {^K =1 ) is an atlas in M. N with the 
parameters p, s, s', {Vj}j =l , {rj}j =l , briefly an atlas in R N . 

We denote by C(A) the family of all open sets Q in R N satisfying the following 
properties: 

(i) nc U (Vj) P and (Vj) p n Q ^ 0; 

(ii) Vj n 90 ^ for j = 1, . . . s', Vj ndQ = $ for s' <j < s; 
(Hi) for j = l,...,s 

r j( V j) = {xER N : dij <%i< bij, % = 1, N}, 

and 

rj(Q n Vj) = {x eR N : a Nj < x N < Qj(x), x G Wj}, 

where x — (xi, xjv-i); = {i£ M^" 1 : < x^ < b^, i = 1, N — 1} and 
#j is a continuous function defined on Wj (it is meant that if s' < j < s then 
gj{x) = bxj for all x G Wj); 
moreover for j = 1, . . . , s' 

a N j + P < 9j{x) < b Nj - p, 

for all x G Wj . 

We say that an open set Q in M. N is an open set with a continuous boundary 
if Q is of class C(A) for some atlas A. 

We note that, for an open set Q of class C(A), inequality (12. 3 j) holds for all 
u G W m,2 (Q) with a constant c depending only on A. More precisely, we denote by 
Vq the best constant for which inequality (12. 3 j) is satisfied for V(fi) = H^"' 2 (0). 
We denote by A/q t/ie 6es£ constant for which inequality (12. 3p is satisfied for 
V(Q) = W m ' 2 (Q). Then we have the following (for a proof we refer to Burenkov [3J 
Thm. 6, p. 160]). 

Lemma 3.2 Let A be an atlas in M. , m G N. There exists c > depending only 
on N, A and m such that 

1 < T? n < ^f n < c, (3.3) 

/or a// open sete G C(^4). 

Lemma 3.4 Lei A be an atlas in R iV . Lei m G N, L, 6* > and, for all a, /3 G 
with \a\ = \p\ = m, let A a/3 G L°°(\J' j=1 Vj) satisfy A a(3 = Ap a , 1 1 Aojg 1 1 x,~ (u^ =1 v&) < 
L and condition A2.5\) . 

Then for each n G N t/iere exists A n > depending only on n, N, A, m and L 
such that 

KiSfM < KvM < A n, (3.5) 

for all open sets Q G C(A). 



8 



Proof. The inequality A nj _^[0] < A n x>[0] is wen known. Now we prove the 
second inequality. Clearly, there exists a ball B of radius p/2 such that B C O 
for all open sets O G C(A). By the well-known monotonicity of the Dirichlet 
eigenvalues with respect to inclusion it follows that 

A n ,x> [O] < \ n , v [B}. 

Thus it suffices to estimate \ n ,v[B]. Clearly there exists c > depending only on 
N and m such that 

Q B (u) <cL [ \V m u\ 2 dx, (3.6) 
Jb 



for all u G W™'*(B), where W m u = (D a u) H=m . By (12TT0]) and (ESD it follows 
that 



A n ,p[-B] < A n = cL mf sup r , lo , — < oo. 

dim £=n 

Clearly A n depends only on n, iV, p, m and L. □ 

4 The case of diffeomorphic open sets 

Lemma 4.1 Lei O be an open set in M . Lei m G N, Bi,B 2 > and cf) be a 
diffeomorphism of O onto 0(0) o/ c/ass C m stzc/i £/iat 

max |£)>(a;)| < Bi, |detV0(z)| > B 2 , (4.2) 

l<|a|<m 

for all x G O. Lei £?3 > and, /or a// a, /3 G Nj^ st/c/j t/iai |a| = = m ; /ei y4 a ^ 
be measurable real-valued functions defined on O U 0(0) satisfying 

max K^x)! < £? 3 , (4.3) 

|a|=|/3|=m 

for almost all x G O U 0(0). Then there exists c > depending only on 
N, m, Bi, B 2 , -B 3 such that 

\Q m (u o 0^) - Q n (u)\ < c£(0) y Yl \D a u\ 2 dx, (4.4) 

for all u G W m ' 2 (fi) ; where 

£(0) = max ||D a (0 - Id)|| L oo (n) + max \\A a p o <p - A a p\\ Lx(S i). (4.5) 

l<l Q l< m |a[=|/3|=m 
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Proof. By changing variables and using a known formula for high derivatives 
of composite functions (cf. e.g. Fraenkel [JLO s Formula B]), we have that 



J<K n ) \a\=\/3\=m 

= J (A a pD a (u o (j>^)DP{u o o 0|detV0|c/x 

^ |a| = |/3|=m 

= / ^ A ap oct> D^uDki (p Qr ,(0(- 1 )) m (0(- 1 )))o0|detV0|rfx 

1/0 | a |=|/3|=m l<kl<|a| 
1<I«I<I/3| 

= f (A» i 8P«,(0 ( - 1) )m(^ ( " 1) )) o ^^^|detW|da;, (4.6) 

|a|=|/3|=m ^ 

l<W<|a| 

1<I?I<I/3| 

for all u G l^ m ' 2 (f2), where for all a, 7/ with 1 < \q\ < |a| = m, Pa-qi^^) denotes 
a polynomial of degree \r)\ in derivatives of 0( -1 ) of order between 1 and |a|, with 
coefficients depending only on N, a, r\. 

We recall that for each a with 1 < |a| < m there exists a polynomial p a {4>) 
in derivatives of <fi of order between 1 and |a|, with coefficients depending only 
on N,a, such that 

In order to estimate Q<f,(p,)(u o — Qn(u) it is enough to estimate the 

expressions 

(A a/3 ^(0 ( " 1) ) m (0 ( - 1) )) o |detV0| - (A^p Qr ,(0(- 1 )) m (0(- 1 ))) o |detV0|, 

where = Id. This can be done by using the triangle inequality and by observing 
that (14.71) implies that 

\{D a ^)o<f>- (D a ft-V) o0|< c max 11^(0-0)11^), 

l<\p\<\a\ 

where c depends only on N, a, B t , B 2 . □ 



Theorem 4.8 Let U be an open set in R . Let m G N, B 1 , B 2 , B 3 ,6 > 0. For all 
a, (3 G Nq with \a\ = \(3\ = m, let A a/ 3 be measurable real-valued functions defined 
on U , satisfying A a p = Ap a and conditions $2.5\) . h4-3\ ) ?n U. The following 
statements hold. 

(i) There exists c\ > depending only on N,m, Bi, B 2 , B 3 ,8 such that for 
all n G N, for all open sets Vt C U such that the embedding W™ ,2 (£1) C 
W m ~ 1,2 (Q) is compact, and for all diffeomorphisms offl onto 0(0) of class 
C m satisfying ( f^J| ) and such that <p(Q) C U, the inequality 

~ Kv[<f>m\ < CiV 2 n (l + \ n ,vP]W) ( 4 -9) 
holds ifC{(j>) < (ciVl)- 1 . 
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(ii) There exists c 2 > depending only on N,m, Bi, B 2 , B 3 ,9 such that for 
all n G N, for all open sets O C U such that the embedding W m ' 2 (Q) C 
W m ~ 1)2 (Vl) is compact, and for all diffeomorphisms ofVt onto 0(0) of class 
C m satisfying ( f^.£| ) and such that 0(0) C U , inequality 

- KM^)]\ < c 2-^(l + A n ^[O])£(0), (4.10) 
holds if£{(f>) <{c 2 Ml)- 1 . 

Proof. We prove statement (z). Let O C U be an open set such that the em- 
bedding W™' (0) C W m ~ l,2 {VL) is compact and be a diffeomorphisms of O onto 
0(0) of class C m satisfying (14. 2 j) and such that 0(0) C C7. By inequalities (12. 3p . 
(12.51) . (14. 4 p it follows that there exists c 3 > depending only on iV, m, _B 1; _B 2 , -B3, # 
such that 

\Q m (u o 0(-^) - Q n (u)\ < c 3 V 2 n (\\u\\l* ( n) + Qn{u))C{(j>). (4.11) 
Clearly we have 



<5^)(m°0 ( 1} ) Qn(w) 



|mo0(-i)h 2 



< 



\Q<l>{n){u o (_1) 



L 2 (Q) 

Qn(«)l 



J Q |«| 2 |detV0|(ix 





In 


u 


2 ||detV0| 




l\dx 


In 


u 


2 |detV0|cfe f n 


u 


2 dx 



(4.12) 



By observing that Vq > 1 and by combining inequalities (14.111) and (I4.12p it 
follows that there exists c 4 > depending only on N,m, Bi, B 2 , B 3 ,9 such that 
for all u G W™'\tt) 



Q^n)(uo(f)( !)) Qu(u) 



|no0(-i)|' 2 



lL 2 (<«fi)) 

which can be written as 

Qn(u) 



■u\ 



L 2 (n) 



<c 4 V 2 n 



1 + 



Qn(u) 



) 



\ u \\L 2 (n) J 



£(0), 



;i- C4 ^£(0))- 



L 2 (n) 



c 4 D 2 £(0) 
Q<Kn)(u o 



(4.13) 



(4.14) 



(-1)^ 



< 



It o 



0("!)| 



L 2 «>(C)) 



<(l + c 4 D 2 £(0)) 



■it 



+ C 4 D 2 £(0). 



L 2 (C) 



Assume now that 1 - c 4 P 2 2 £(0) > 0. Observe that the map of L 2 (0) to 

1 is a linear homeomorphism 



rrn,2, 



L 2 (0(O)) which takes u G L 2 (0) to C^u = u o 

which restricts to a linear homeomorphism of W™' 2 (Q) onto W™' z (<f)(Q)) , and 
that the embedding W™' 2 {0(0)) C iy m_1 ' 2 (0(O)) is compact. Then by applying 
the Min-Max Principle (I2.10p and using inequality (I4.14p . it easy to deduce the 
validity of inequality (14. 9p . 

The proof of statement (ii) is very similar. In this case one should observe 
that the map C<f> defined above restricts to a linear homeomorphism of W m ' 2 (Q) 
onto W m ' 2 ((j)(n)) and that if the embedding W m > 2 (n) C W m - 1>2 (0) is compact 
then also the embedding W /m,2 (0(O)) C W /m_1 ' 2 (0(O)) is compact. □ 
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Corollary 4.15 Let A be an atlas in R N . Let m G N, B 1 , B 2 , L,6 > and, for 
all a, (3 G wi/i |a| = = m, let A a p G C° A (U s j=1 Vj) satisfy A af} = Ap a , 
l|A* J 8||c°. 1 (u'!_ 1 vj) < L and condition A2.5\) . 

Then there exists c > depending only on N, A,m, B\, B 2 , L,9 such that for 
all n G N, for all open sets Q G C(A), and for all diffeomorphisms of Q onto 
4>(ft) of class C m satisfying h4-°4) an d suc ^ that 0(0) C \Jj =1 Vj, the inequality 

|A n [O]-A n [0(O)]| <c(l + X n [Q\) max \\D a (<p~ld)\\ Lao{n) (4.16) 

0<\a\<m 

holds for both Dirichlet and Neumann boundary conditions, if 

max \\D a ((f) - Id)||i»(n) < c^ 1 . 

0<\a\<m 

Proof. It suffices to apply Lemma 13.21 and Theorem 14.81 □ 



5 Estimates for Dirichlet eigenvalues via the at- 
las distance 

Definition 5.1 Let A = (p,s,s',{Vj}j =1 ,{rj}j =1 ) be an atlas in M N . For all 
^1,^2 £ C(A) we define the 'atlas distance' d A by 

d A (Q 1 ,Q 2 ) = max sup \gij(x) - g 2j (x)\ , (5.2) 

j—l,...,s (^ }XN ) &j (y.) 

where gij, g 2 j respectively, are the functions describing the boundaries ofQi,Q 2 
respectively, as in Definition ^. 1\ (in). 

We observe that the function d^(-, •) is in fact a distance in C(A) (for further 
properties of d A see also Appendix). 
If Q G C(A) it will be useful to set 

dj(x,dn) = \ gj ( ( rj (x)) ) - (rj(x)) N \, (5.3) 

for all j — 1, . . . , s and x G Vj, where gj and rj are as in Definition 13.11 

Let A = (p, s, s', {Vj}j =1 , {rj} S j =1 ) be an atlas in WL N . We consider a partition 
of unity {ipj} s j=1 such that ^- G C™(R N ), supp^- C (^)| p , < ^(x) < 1, 
|VV>j(#)| < <j for all x G and j — 1, . . . , s, where G > depends only on A, 
and such that Ylj=i = 1 for all x G U^ =1 (l^) p . 

For e > we consider the following transformation 

s 

T e (x) =x-e^2^j(x) } xeR N } (5.4) 

3=1 

where £j = r*- ^((O, . . . , 1)), which was introduced in Burenkov and Davies [I]. 
Then we have the following variant of Lemma 18 in |4]. 
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in 



r>N 



Lemma 5.5 Let A = (p, s, s', {Vj} S j =1 , {rj} s - =1 ) be an atlas i 

Then there exist A±, A 2 , Ex > depending only on N and A such that 

maxjD a {T e - Id)|| Loo(RjV) < A l£ , (5.6) 

and such that 

-<1-A 2 e< det VT e < 1 + A 2 e, (5.7) 
for all < e < E\ . Furthermore, 

r 6 (no c n 2 (5.8) 

for all < e < E\, for all Oi , O2 G C(A) such that Q 2 C Q\ and 

d A (fl 1 ,Q 2 )<-. (5.9) 
s 

Proof. Inequalities (15. 6p . (15. 7p are obvious. We now prove inclusion (15. 8p . 
Let Oj, Q 2 G C(.A) satisfy Q 2 C fii and (15.91) . For all j = 1, . . . , s we denote by g^, 
g 2 j respectively, the functions describing the boundaries of Qi, Q 2 respectively, 
as in Definition 13.11 (Hi). For all x G Uj =1 Vj we set J(x) = {j G {1, . . . , s} : 
x G {Vj)3 p }. Let x G Q\. By the proof of [U Lemma 18] it follows that if 
< e < f then T £ (x) G^fl (Vj)z and dj(T e (x), <9fii) > eif>j(x) for all j G J(x), 
where {ipj} 3=l is the appropriate partition of unity satisfying supp-^j C (Vj)s . 
Therefore 



jeJ(x) jeJ(x) j=i 



n x) = e. 



Hence there exists j G J(x) such that d 3 (T e (x) , dfli) > -, which implies 



(rj(T e (x))) N < g 25 ( r] (T e (x))). (5.10) 



Indeed, assume to the contrary that (rj(T e (a;)))jv > g 2 j(rj(T e (x))). Then we would 
have 



d A (n u n 2 ) > g 15 (r 5 (T e (x))) - g 2 j(r 3 (T e (x))) 



9ij(rj(T e (x))) - (r 3 (T £ (x))) N + (r 3 (T e (x))) N - g 23 (r 3 (T e (x))) 



> g 13 (r 3 (T e (x))) - (r 3 (T £ (x))) N = d 3 (T £ (x), dQ,) > - (5.11) 



s 



which contradicts (I5.9p . Thus, (I5.10P holds hence T e (x) £ Q 2 . □ 



Theorem 5.12 Let A be an atlas in R N . Let m G N, L, 9 > and, for all 
a, (3 G N£ with \a\ = \(3\ = m, let A at3 G C 0;l (\J 8 3=1 Vj) satisfy A at3 = Ap a , 
W^ai3\\c ' 1 {\j s _ 1 Vj) < L and condition ^2.5\) . 

Then for each n G N there exist c n , e n > depending only on n, N, A, m, L, 9 
such that 

|An,2?[fli] - K,v[^}\ < c n ^(fii,fi 2 ), (5.13) 
for all Qi,Q 2 G C(A) satisfying ^(^1,^2) < £n- 
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Proof. Let < e < E\ where E\ > is as in Lemma 15. 5\ and let Qi,Q 2 £ 
C(A) satisfy (EH]). We set fi 3 = fii n fi 2 . Clearly, ft 3 G C(.A) and cU(fi 3 ,fii), 
^(03,^2) < e/s- By Lemma 1531 applied to the couples of open sets f^,f2 3 it 
follows that T e (p,j) C f2 3 , i = 1,2. By the monotonicity of the eigenvalues with 
respect to inclusion it follows that 

< XnAVs] < XnATe&i)}, 1 = 1,2. (5.14) 

Since in Lemma 13.41 A„ depends only on n, N, A, m and L, in Corollary 14.151 c 
depends only on N, A, m, Bi, B 2 , L and 9, and in Lemma 15.51 E\ and A\ depend 
only on N and A, by (I4.16p . (13. 5 p and (I5.6P it follows that there exist c n , e n > 
such that 

A„,Z>[fi 3 ] - K,v[^i] < A„ ) u[T e (n j )] - \ n ,T>[tti] < C n 6, %= 1,2, 

if < e < e n . Hence 

|A n ,2?[^i] - A n ,x>[^2]| < max{A n ,D[fi 3 ] - X n ,v[^i\} < c n e. 

2=1,2 

Take here e = 2sd A (Qi,Q 2 ), then inequality (I5.13P holds with c n = 2sc n if 
d A {Q 1 ,Q 2 ) <e n = e n /(2s). □ 

Let .A = (p, s, s', {^}| = i, {r^ =1 ) be an atlas in R N . For all x e V = Uf^Vj 
we set J'(x) = {j e {1, . . . ,s'} : 16 V,}. Let Q G C(A). Then we set 

d A (x,dfl) = max dj(x, dQ), 

j€J'(x) 

for all x G V', where dj(x, dfl) is defined in (15. 3p . Observe that if Q G C(A) then 
dfi C V. Therefore if Q u tt 2 G C(U) then 

rf^(ni,fi 2 )= sup d^x, dfl 2 ) = sup d^x, <9f2i). (5.15) 

For all e > we set 

tt eA = tt \ {x G V : d^x, dfi) < e}, 

fi £ ^ = fiU{i£7': d A (x, dVl) < e}. 

Lemma 5.16 Let A be an atlas in R and e > 0. // fii and ^2 £w;o open 
sets in C(A) satisfying the inclusions 

^2C (fii) 6 " 4 (5.17) 

or 

(fi 2 ) M C fix C (^ 2 ) e,A , (5.18) 

then 

d A (toiM<e. (5.19) 
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Proof. Assume that inclusion (I5.17P holds. Let x G dQ 2 - We consider three 
cases. Case x G Q,\. Since x £ Q 2 then x ^ (fii) e ,.4 hence by definition of (£li) e ,A it 
follows that x G V and d^(x, dQ\) < e. Case x G d£l±. Obviously d^(x, dfli) = 0. 
Case x In this case there exists a sequence x n G \ ieN converging 

to x. Since x n ^ fii then <i_4(x n ,<9fii) < e because x n G (fli) e ' A . By observing 
that J'(x n ) = J'(x) for all n sufficiently large, one can pass to the limit and 
obtain d^(x,dQi) < e. Thus, in any case we have that d^(x,dQi) < e for all 
x G dQ 2 and (15.191) follows by (I5.15P . The same argument applies when inclusion 
fl5TT8|) holds. □ 

Corollary 5.20 Let A be an atlas in M. N . Let m G N, L,9 > and, for all 
a, (3 G with \a\ = |/9| = m, let A a/3 G C°> l (U s j=1 Vj) satisfy A a/3 = Ap a , 
II A^llc - 1 ^.-^) < £ condition Ii2.5\) . 

Then for each n G N i/iere exzsi c n , e n > depending only on n, N, A, m, L, 9 
such that 

\\n,v[tti] ~ XnA^Ml < c«e, (5.21) 
for all < e < e n and for all Qi,Q 2 G C(-4.) satisfying j5.11\) or A5.18\) . 

Proof. Inequality ( I5.2ip follows by inequality ( I5.13P and inequality f )5.19p . □ 



6 Estimates for Neumann eigenvalues via the 
atlas distance 

In this section we prove Theorem 16.251 The proof is based on Lemmas 16.21 and 
EH 

Definition 6.1 Let U be an open set in M. N and p a rotation. We say that U is 
a 'p-patch' if there exist an open set G\j C M. N_1 and functions (pu, ipy '■ Gu — > M, 
such that 

p(U) = {(x, xn) G M, n : 4>u(%) < %n < Vuix), % G Gu} ■ 
The 'thickness' of the p-patch is defined by 

Ru = inf (tpu(x) -ipu (£)); 

the 'thinness' of the p-patch is defined by 

Su = sup (<pu(x) ~ ^u{x))- 

x&Gu 

If VL 2 C Qi and Q\ \ Q 2 is covered by a finite number of p-patches contained 
in Q\, then we can estimate A niJ v"|p2] — A n>J y[f2i] via the thinness of the patches. 

Lemma 6.2 Let m G N and Q± be an open set in WL N such that the embedding 
W" 1 ' 2 ^) C W™' 1 ' 2 ^) is compact. For all a, G with \a\ = \/3\ = m, 
let A a/3 be bounded measurable real-valued functions defined on satisfying 
A a/3 = Ap a and condition h2. 5\) in Q 1 . Let a G N, R > 0. 

Assume that Q 2 C fii is such that the embedding W m,2 (Vt 2 ) C W rn ~ 1 ' 2 (Vt 2 ) 
is compact and there exist rotations {pj}J =1 and two sets {Uj}j =1 , {Uj}° =1 of 
Pj -patches Uj and Uj satisfying the following properties 
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(a) Uj C Uj C Q\, for all j — 1, ... , a; 

(b) G v . = G 6 ., ipu. = ip 0j , for all j = 1, ... , a; 

( c ) R u 3 > R, for all j = I, . . . , a; 

(d) fii\fi 2 C UJ =1 C^-. 

T/ien i/iere exists d > depending only on N, m, R such that for all n GN 

(6.3) 



A n ,A^2] < A„ iA r[fii](l +d n max SW), 

j = l,...,<7 



z/maxj = i v .. j(J Siji < d^ , where 



d n = 2ad(i + e- 1 \ nM [n 1 ]). 



/ \u\ 2 dy<J2 / \u\ 2 dy = V / 



(6.4) 



Proof. By (a) and (6) it follows that ipfj. < for all j = 1, ...,c Let 

w G W^ m ' 2 (fii). By (d) 



(6.5) 



Let, for brevity, v j = u o ^. Clearly. 



1 12 



Vu,- (a) 



|f j(x, XAr)| 2 (ia;(ia;Ar. 



(6.6) 



Gu, J if>uAx) 



Since t>j G H /m,2 (pj(f/j)) it follows that for almost all x G Gfj the function 
fj(x,-) belongs to the space W m ' 2 (i/}{j (x), cpfj. (x)). Moreover, by (c) it follows 
that fjj.(x) — il)fj (x) > R. Thus by Burenkov [3, Thm. 2, p. 127] there exists 
d > depending only on m, R such that 



+ 



d m Vj 



dx^ 



x. 



L*tyfj (x),vq {&)) 



By inequality (16. 7p and property (6) 



¥>t/,- (a) 



\vj{x : xm)\ dxdxjy 



G Vj J^Ujix) 



< I (fUjix) -V , t/ i (»))ll«i(^OIIi'»(^ & .(s), Wj (s))rf a; 



+ 







dx 1 ^ 


2 .) 

L a &y(£/j))/ 



<^(lHI| 2( n 1 )+ E H D 

|a|=m 



M llL 2 (ni) J J 



(6.7) 



(6.8) 
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where d > depends only on N, m, R. 

Let ^ n [Qi], n G N, be an orthonormal sequence of eigenf unctions correspond- 
ing to the eigenvalues A n ^[fii]. We denote by L n [fii] the linear subspace of 
W m ' 2 (£lx) generated by the V'llPi]) • • • ^n[^i\- If u & L n [£li] and || w||z / 2(q 1 ) = 1 
then by O, <$M), (ESJ) 

/ \u\ 2 < ad max Su.{\ + 9~ 1 Qn 1 (u)) 

< ad max ^.(1 + ^ 1 A n [fi 1 ]). (6.9) 

j = l,...,<7 J 

Let 7i2 be the restriction operator from Q\ to Q 2 . Clearly, 7i2 maps W /m,2 (r2i) 
to W /m,2 (fi 2 )- For all n G N and for all u G L n [Oi], ||-u||L 2 (ni) = 1 we have 

\\Ti2uf LHn2) = [ \u\ 2 - [ \u\ 2 >l-ad max #,.(1 + (6.10) 

and 

<5q 2 (71 2 m) < Qciiiu) < A n [fii] 
because ^2\ a \ = \m =m ^-afiCo^p > for all G C. Thus, in the terminology of 

[6], 7i2 is a transition operator from H W m,2(yi L ) to -£/yK m > 2 (n 2 ) with the measure 
of vicinity 5(ifv^m,2(ni), -^iy m > 2 (n 2 )) — m & x j=i,...,a Su 3 and the parameters a n = 
ad(l + O^ 1 \ n [Q L }) , b n = 0. Thus, by the general spectral stability theorem [6j 
Theorem 3.2] it follows that 

A n ,A/"[^2] < A n) jv"[^i] + 2(a n A nj Af[fii] +b n )8(Hw^(Qi),Hw^(n 2 )) 
if 5(ifiy m . 2 (ni), -^iy m . 2 (f2 2 )) < ^Gin)" 1 which immediately gives ( 16. 3p . □ 



Lemma 6.11 Let A be an atlas in R . Let m e N, L,9 > and, for all 
a, (3 G with \a\ = \(3\ = m, let A a/3 G L°°(U s j=1 Vj) satisfy A a p = Ap a , 
||^4o / 9||L° o (u s _ 1 y,) — L and condition A2.5\) . Then for each n G N there exist 
c n , e n > depending only on n, N, A, m, L, 9, such that 

An,Af[^2] < KM^ll + C rt GU(^l, ^2), (6.12) 

for all Qi, Q 2 G C(A) satisfying Q 2 C fii and d^(fli, Q 2 ) < e n- 

Proof. Let A = (p, s, s', {Vj} s j=1 , {rj} s j=1 ), fii,fi 2 e C(U) and fi 2 C n x . For 
all j = 1, . . . ,s we denote by gij, g 2 j respectively, the functions describing the 
boundaries of Q\, Q 2 respectively, as in Definition 13 . 1 1 (Hi) . We consider two sets 
of {Uj}j =1 {Uj}j =1 of r^-patches Uj, Uj defined as follows: 

Uj = r] _1) ({(x,XAr) : x G Wj, a Nj < x N < gij(x)}), 

Uj = rj~ 1} ({(x,XAr) : x G Wj, g2j(x) <x N < gij(x)}, 

where Wj and a^j are as in Definition ^. II Observe that conditions (a), (b), (c), (d) 
of Lemma [6.21 are satisfied with a = s and R = p. Moreover, max J=lj j(T Su j = 
d^(Qx, Q 2 ). Thus by applying Lemma I6T21 to the open sets fli, Q 2 and the sets of 
patches defined above, and by Lemma 13.41 we immediately deduce the validity of 

dsn. □ 

Our next aim is to consider the case Q 2 = T £ (Qi) where T e is the map defined 
in fl53J). 
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Lemma 6.13 Let A be an atlas in M. N . Then there exist €q, A,R>0 and a G N 
depending only on N,A, and for each open set Q G C(A) and for each < e < 
eo there exist rotations {py}J =1 and sets {Uj}^ =1 , {Uj}j =1 of pj-patches Uj, Uj 
satisfying conditions (a), (b), (c), (d) in Lemma WM with Vti = Q and fl 2 = T e (Q) 
and such that maxj =1 jCr Su. < At. 

Proof. In fact, we shall prove that there exist a family of rotations {p.,}J =1 , a 
family {Gj}j =1 of bounded open sets in R^ -1 , and a family {<Pj}J =1 of functions 
(fj continuous on Gj such that for all < e < e 

cr 

n\T e (n)c{Juf ] (6.14) 

3=1 

and 

Uf C U 3 C Q, (6.15) 
where the p-,-patches Uj are defined by 

Pj {Jjf) = {(x,x N ) G R^ 1 : <fj(x) -Ae<x N < <pj(x), x G G 3 ) , (6.16) 

and 

PjiUj) = {(x,x N ) G R^ 1 : cpj{x) - R < x N < Lpj(x), x G Gj} . (6.17) 

Let A = (p,s,s',{Vj}j =1 ,{rj}j =l ) and Q G C(A). We split the proof into 
four steps. 

Step 1. Let for each non-empty set J C {1, . . . , s'}, Vj = an d 

d = dim Span{^} je j. Recall that £j = rj _1 ^(0, . . . , 1). By the proof of Lemma 
19 in [1] it follows that there exist vectors £j = £j 2 , . . . , and a rotation rj 
such that: 

1) 0;£j2, • • • , £j<2 is an orthonormal basis for Span{£j and o(£j) = eAr, 
0(02) = ejv_i, . . . , rj(Od) = ejv-d+i, 

2) there exist continuous functions fj,ipj defined on Gj where Gj = Pr XN=0 
r j(Yj H fi) (Pr a;iV=0 denotes the orthogonal projector onto the hyperplane with 
the equation x^ = 0) such that 

rj{Vj n fi) = { (x, x,v) G R 7 ^ 1 : ^j(x) < < <Pj(x) } (6.18) 

and such that 

{(x,y) G R N - X : y < <pj(x), x G Gj, (x,y) G rj(t$), Vj G J} C rj(fi), 

(6.19) 

3) the function <p j satisfies the Lipschitz condition with respect to the variables 
v = (xjv-d+ij ■ ■ ■ j zjv-i) uniformly with respect to the variables u = (xi, . . . , x^-d) 
on Gj, i.e., 

\<pj(u,v) - <pj(u,w)\ < Lj\v -w\, for all (u,v), (u,w) G Gj, 

where Lj > depends only on {V^ =1 and {rj} s J=1 . 
Observe that by fIBTTB"]) and fl6T91 it follows that 

[(x,x N ) G R^ 1 : xeGj, ^j(x) -^<x N < <p,j(x)} c rj(fi) (6.20) 
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because the distance of (x, ipj(x)) to the boundary of rj(Vj) is greater than | for 
all j G J and x G Gj. 

Step 2. For x G let as in [I] 

J(x) ={j £{l,...,s}: x G 

Observe that J(x) C {1, . . . , s'} if x G <9f2. The inclusion suppipj C (Vj)§, p implies 
that ipj(x) = for j J(x) and 

T e (x) = x-e ^ £Mz), x G E^. 

For any subset J C {1, . . . , s} we set 

Vj = {x G R N : JO) = J} 
so that M. N = Cijc{i,...,s'}Vj and 

T e (a;) = x- e^^jipjix), x G Vj. 

Step 3. Let x G Vj n Since ||T e - Id||oo < e and T e (0) C Q we have 
that T e (x) G Vj n O for all < e < f. Let rj(x) = /3 (2) , /3jv) where 

/3« = (ft, . . . , N - d ), 0® = (f3 N . d+1 , /^-i) and ftv = <^j(/? (1) , /3 {2) ). Since 
T t (x) — x G Span{£j}j e j, it follows that rj(T e (x)) = (/3^\ 7™, Jn) for some 
sy( 2 ) = (^y N _ d+lj . . . ; 7tv-i) and 7 jv. Since T e {x) G VjDfl, for the distance dj(T e (x)) 
of T e (x) from <9f2 in the direction of the vector £j we have 

d J (T e (x)) = MP il \l (2) )-lN 

= p J (pm n M)-[3 N + (3 N - lN 

= <^(/3« 7 (2) ) - /? {2) ) + - 77V 

< Lj| 7 W -/3< 2 )| + \ 7N -p N \ 
<(Lj + l)\rj(T e (x))-rj(x)\ 

= (Lj + l)\T e (x) - x\. (6.21) 



Let 



A = max (Lj + 1) (6.22) 

J !: >•':• 

J^0 



and t/j be defined by 

pj{Uf) = {{x,x N ) £R W : ^)-Ae<%<^(x) )a ;GGj}. (6.23) 
Then by f[6T2Tj) it follows that T e (Vj n 9Q) C £/j e] and 

t £ (<9Q) = |J r e (yjnan)c (J uf. (6.24) 

JC{l,...,s'} Jc{l,...,s'} 

Step 4- Let 1/ 6 fl \ Ujc{i,...,s'} By the definition of £/j' it follows that 
y i U [ f ] for all < e' < e. Thus by (16^1) it follows that y £ T t ,{dVt). This 
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implies that the topological degree deg(f2, T e >, y) of the triple (fl,T e /,y) is well 
defined (see e.g., Deimling [9, §1]) and by homotopy invariance deg(f2, T £ /, y) = 
deg(fi, T ,y) = 1 for all < e' < t. Thus the equation T e (x) = y has a solution 
x G £1 hence y G T t (Q) (see e.g., Deimling [9j Thm. 3.1]). This shows that 
Q\T e (Q)c[jj c{1 _ s/} uf. 

To complete the proof of the lemma it suffices to choose a to be the number 
of nonempty subsets of {1, ... , s'}, e = |, R — | (see (I6.20p ). and A as in (16. 22ft . 

□ 

Theorem 6.25 Let A be an atlas in M N . Let m G N, L, 9 > and, for all 
a, (3 G Nq with \a\ = \p\ = m, let A a $ G C 0,1 (U| =1 ^-) satisfy A a p = Ap a , 
II Ai/sllc - 1 ^.-^) < L and condition ( II?. 5\) . 

Then for each n G N there exist c n , t n > depending only on n, N, A, m, L, 9 
such that 

|A n ,Af[f2i] - K,m\^]\ < c n d A (Q 1 ,Q 2 ), (6.26) 
for all Oi, 2 G C*(^4) satisfying d A (Qi, Q 2 ) < £n- 

Proof. In this proof c n , t n denote positive constants depending only on some 
of the parameters n, N, A, m, L, 9 and their value is not necessarily the same for 
all the inequalities below. 

Let Ei > be as in Lemma [5.51 Let < e < Ei and Qi,Q 2 G C(A) satisfy 
( 153j) . We set Q 3 = Q 1 n Q 2 . Clearly, Q 3 G C(A) and d A (Q 3 , fii), d A (Q 3 , Q 2 ) < f ■ 
By Lemma I5T51 applied to the couple of open sets fii, fi 3 it follows that T e (Qi) C fi 3 
hence 

T e (n 3 ) c r e (fi a ) c n 3 . (6.27) 

We now apply Lemma 16.131 to the set Q = Q 3 . It follows that if < e < eo 
there exist rotations {pj}J =1 and two sets {Uj}° =1 , {Uj}° =1 of pj-patches Uj, Uj 
satisfying conditions (a), (b), (c), (d) in Lemma [6721 with Qi replaced by fl 3 and 
Q 2 replaced by T t (Q 3 ), and such that max J=li i(J S*^. < At. In particular, 

n 3 \T e (n 3 )cU° =1 U 3 , (6.28) 

hence by (16"72"7) . fl6T28|) it follows 

fi 3 \T e (n a ) C UJ =1 ^, (6.29) 

Now we apply Lemma 16721 to the couple of open sets fl 3 , T e (Qi) by using the sets 
of patches defined above. Since max J=lj CT Sjj- < At, by Lemma 16.21 it follows 
that if At < d~ l then 

X nM [T e {n x )) < \ n , N p 3 ]{l + d n At), (6.30) 

where d n is defined by (16. 4p . By inequality (I6.30p and Lemma T3.4[ it follows that 
there exist c n ,t n > such that 

\ nM [Te{tti)} < A n ,A/-[ft 3 ] + c n t (6.31) 

if < e < t n . On the other hand, by Lemma I3.4[ Corollary I4.15[ and by 
inequalities (15. 6p . (15. 7p it follows that there exist c n , t n > such that 

lAn^^ffii]] - A„,^[Oi]| < c n e (6.32) 
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if < e < e n . Thus by (I6.3ip . (I6.32p it follows that there exist c n ,e n > such 
that 

A n ,A^i] < A„[0 3 ] + c n e (6.33) 

if < e < e n . By Lemma [6.111 applied to the couple of open sets f2 3 it follows 
that there exist c n , e n > such that 

KM^3] < Anjvt^l] + c nC (6-34) 

if < e < e n . Thus, by (ESSD, dEMD it follows that 

|Anjv[^i] - AnjvMI < c n e (6.35) 

if < e < e n . Clearly inequality ( I6.35P holds also with Q 2 replacing f^: it 
is simply enough to interchange the role of fli and Q 2 from the beginning this 
proof. Thus 

|A n ,A/-[^2] - \ n ^[Q 3 ]\ < c n e (6.36) 

if < e < e n . By (16. 35 p . (I6.36P we finally deduce that for each neN there exist 
c n ,e n > such that 

|A n ,Ar[^i] - A niA/ -[f2 2 ]| < c n e, (6.37) 

for all < e < e n and for all fli, fl 2 G C(A) satisfying d^(Qi, fl 2 ) < £■ Finally, by 
arguing as in the last lines of the proof of Theorem 15.121 we deduce the validity 
of fl6\26|) . □ 

As for Dirichlet boundary conditions we have a version of Theorem 16.251 in 
terms of e-neighborhoods with respect to the atlas distance. 

Corollary 6.38 Let A be an atlas in M. N . Let m G N, L, 9 > and, for all 
a, (3 G Nq , with \a\ = \(3\ = m let A a/3 G C 0,1 (Uj =1 V}) satisfy A a p = Ap a , 
||^.a,9||c ' 1 (u^_ 1 ^) < L and condition A2.5\) . 

Then for each neN there exist c n , e n > depending only on n, N, A, m, L, 9 
such that 

|A n ,A^i] - A njA r[fi 2 ]| < c n e, (6.39) 



for all < e < e n and for all fii, f2 2 G C(A) satisfying or A5.18\) . 



Proof. Inequality (I6.39|) follows by inequality (I6.26P and inequality (I5.19p . □ 

7 Estimates via the lower Hausdorff-Pompeiu 
deviation 

If C C M. N and x G M, N we denote by d(x, C) the euclidean distance of x to C . 

Definition 7.1 Let A,Bc M. N . We define the lower Hausdorff-Pompeiu devia- 
tion of A from B by 

duv(A, B) = min< sup d(x, B), supd(x,A) >. (7.2) 
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If the minimum in (17. 2p is replaced by the maximum, then the right-hand side 
becomes the usual Hausdorff-Pompeiu distance d nv (A, B) of A and B. Note that 
in contrast to the Hausdorff-Pompeiu distance d v which satisfies the triangle 
inequality and defines a distance on the family of closed sets, the lower Hausdorff- 
Pompeiu deviation d-^r is not a distance or a quasi-distance. Indeed, it suffices 
to notice that d^-p(A, B) = if and only if A C B or B C A: thus if A <f_ B and 
B <jt A then d HV (A, B) > but d nv (A, AUB) + d nv (A U B, A) = 0. 

In this section we aim at proving an estimate for the variation of the eigen- 
values via the lower Hausdorff-Pompeiu deviation of the boundaries of the open 
sets. 

We now introduce a class of open sets for which we can estimate the atlas 
distance dj, via the lower Hausdorff-Pompeiu deviation of the boundaries. 

Definition 7.3 Let A be an atlas in M. N . Let u : [0, oof— y [0, oo[ be a continuous 
non- decreasing function such that oo(0) = and, for some k > 0, u(t) > kt for 
all0<t<l. 

Let M > 0. We denote by (A) the family of all open sets Q in 
belonging to C(A) and such that all the functions gj in Definition ^. 1\ (Hi) satisfy 
the condition 

\ 9j (x) - 9j (y)\ <Mu(\x-y\), (7.4) 

for all x,y G Wj. 

We also say that an open set is of class if there exists an atlas A and 
M > such that tt e C$'\A). 

Lemma 7.5 Let u : [0, oof—)- [0, oo[ be a continuous non- decreasing function such 
that oj(Q) = and, for some k > 0, u(t) > kt for all t > 0. 

Let W be an open set in IR^ -1 . Let M > and g be a function of W to M. 
such that 

\g{x)-g{y)\<Mu{\x-y\), 

for all x, y e W . Then 

\g(x) — xn\ < (M + k^tu (d ((x, Xn), Graph(g))) , (7.6) 
for all x G W and Xn G R. 
Proof. For all x, y G W 

\g(x) - x N \ < \g(x) - g{y)\ + \g{y) - x N \ 

< Mco(\x - y\) + kr^giy) - x N \) 

< (m + k~ l )u(\(x,x N ) - (y,g(y))\), (7.7) 

hence by the continuity of u 

\g(x) - x N \ < (m + k' 1 ) in^uj(\(x,x N ) - (y,g(y))\ 

yew 

< (m + k~ l )uj( inf_ | (x, x N ) - (y, g(y))\ 

yew 

< (M + k-^co {d ({x, x N ), Graph(g))) . (7.8) 

□ 
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Lemma 7.9 Let A be an atlas in WL N . Let u : [0, oo[— > [0,oo[ be a continuous 
increasing function satisfying oj(0) = and, for some k > 0, u(t) > kt for all 
< t < 1. Let M > 0. 

Then there exists c > depending only on N, A, u, M such that 

dj(x, dVl) < coo(d(x, dVl)), (7.10) 
for all open sets ft G (A), for all j = 1, . . . , s and for all x G (VJ-)f . 

Proof. Let ui be the function of [0, oof to itself defined by u{t) = u(t) for all 
< t < 1 and Cj{t) = t + w(l) — 1 for all t > 1. Clearly (D is continuous and 
non- decreasing, and u)(t) > kt for all t > where k = min{fc, l,u;(l)}; moreover 
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{l, ^} ^(a) < w(a) < max |l, |^} u(a), (7.11) 

for all A > and for all < a < A. By the first inequality in (17. lip it follows 
that ft G C Q ^\A) where M = max |l, j M and D is the diameter of U 8 j=1 Vj. 
Then by Lemma 17.51 applied to each function gj describing the boundary of ft as 
in Definition 13.11 (Hi) and by the second inequality in (17. lip it follows that for 
each j — 1, . . . s and for all (y, y^) G rj(Vj) 

\9j(y) -Vn\<(M + k" 1 ) Lb (d ((y, y N ), Graph(^))) 

< max |l, ^ j (M + k~ l ) uj {d {{y, y N ), Graph(^))) . (7.12) 

Observe that if y G rj((Vj)z) and d ((y,y N ),Giaph(gj)) < | then d(rj- (y), <9ft) 
equals d ((y, y N ), Graph(^)); if y G r i ((^-)f) and d ((y, y N ), Graph(^)) > f then 

^(rj- 1 ^,^)),^) > f. Hence 

w (d ((£, 2/iv), Graphfo))) < ^-cu (d (r^\y, y N )), 0ft)) . (7.13) 
So by (171211 and fl7TT3]) it follows that if y G ^-((V^) then 

\9j{y) -Vn\ < cu (d(r^ l \y),dQ)J , 

where c = max {1, u(D)/u(l)} (M + /c _1 )w (D) /u(p/2). Hence, for x G (V}) £ , 

byP 

dj(x,dQ) = \gj(rj(x)) — (rj(x))jv| < cu;(G?(:r, 5ft)). 

□ 



Lemma 7.14 Lei .4 = (p, s, s', {(Vj) s j=1 , {rj} s j=1 ) be an atlas in R N . Let A = 
(p/2,s,s',{(Vj) p /2}j = i,{rj}j =1 ). Let u : [0,oo[— > [0, oo[ be a continuous non- 
decreasing function satisfying uj(Q) = and, for some k > 0, u{t) > kt for all 
< t < 1. Let M > 0. 

Then there exists c > depending only on N, A, u, M such that 

d nv (dn u «9ft 2 ) < d A (Q l7 ft 2 ) < cou(d nv (dn u <9ft 2 )), (7.15) 
/or a// opens sets fti,ft 2 £ Cm H^)- 
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Proof. For each x G dfli there exists y G dVt 2 such that \x— y\ < d^(Qi, fl 2 ): 
indeed, if rj(x) = (x,xn) for some j — 1, . . . , s' it is sufficient to consider ?/ G <9fi 2 
such that = x. It follows that G?(:c,<9fi 2 ) — ^.4(^15^2) for all x G dQi. In 

the same way, d(x,dQi) < d^(Qi,Q 2 ) fo r all x G <9f2 2 . Thus, the first inequality 
in (I7.15P follows. The second inequality in (I7.15P immediately follows by ( I7.10p . 
by the continuity of u, by property (I5.15P and by Definition 17. II □ 



Theorem 7.16 Let A be an atlas in R N . Let m G N, L,M,6 > and, for 
all a, /3 G Nq with \a\ = \(3\ = m, let A a p G C 0,1 (Uj =1 Vj) satisfy A a0 = Ap a , 
II^WIIcO'Hu^v,) < L and condition A2.5\) . Let u : [0,oo[— > [0, oof be a continuous 
non- decreasing function satisfying u(0) = and, for some k > 0, u(t) > kt for 
allO < t < 1. 

Then for each n G N there exist c n , e n > depending only on n, N, A, m, L, M, 
8, to such that for both Dirichlet and Neumann boundary conditions 

|Ajfii] - X n [n 2 }\ < c n u(dnv(dQi,dQ 2 )), (7.17) 

for all Qi,Q 2 G C^'\A) satisfying dy,-p(dfli,dfl 2 ) < e n . 

Proof. Observe that if Vti,Vt 2 G C(A) then also Cli,Cl 2 G C(A) where 
A = (p/2, s, s', {(Vj) p/2 } s j=1 , {rj} s j=1 ). Thus by inequalities flQ3j) . (JsAj applied 
to ili, fi 2 as open sets in C(A) and by inequality (I7.15P we deduce the validity of 
(HUD- □ 

Recall that for any Q we set 

f2 e = {x G M. N : < e}, 

and 

fi £ = {s G : d(x,<9fi) > e}. 
Lemma 7.18 If and Q 2 are two open sets satisfying the inclusions 

(fii) e c n 2 c (7.19) 

or 

(Q 2 ) e CfliC (ft 2 ) e , (7.20) 

du-pid^dSlx) < e. (7.21) 

Proof. Similarly to the proof of Lemma 15.161 inclusions (I7.19P and (I7.20p 
imply that sup ze g^ 2 sup^g^Q^^ <i(x, <9f^ 2 ) < e respectively. Hence if 

(17.19P or ( 17.201) is satisfied then at least one of these inequalities is satisfied which 
implies (I721j) . □ 

Observe that if Qi and Q 2 are two open sets satisfying inclusion (I7.19P then 
it may happen that they do not satisfy inclusion (I7.20p . and 

sup d(x,dn 2 ) > e, (7.22) 
see Examples 18.41 18.51 in Appendix. 
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Corollary 7.23 Under the same assumptions of Theorem \7.16\ for each nGN 
there exist c n , e n > depending only on n, N, A, m, L, M, 8, u such that for both 
Dirichlet and Neumann boundary conditions 

\K[toi\-K[Sh\\<Cnw(e), (7.24) 

for allO<e<e n and for all Q u fi 2 G C^'\A) satisfying [7J9\ I or [L2§. 

Proof. Inequality fl7T24|) follows by inequalities fl7~T7|) and ( j7T2"TJl . □ 



8 Appendix 

8.1 On the atlas distance 

Given an atlas A in Mr, it is immediate to prove that the function d A of C(A) x 
C(A) to R which takes (Qi, fi 2 ) to d A (n u fi 2 ) for all (fii, 2 ) G C(.4) x C(yl), is 
a metric on the set C(A). 

Lemma 8.1 Let A be an atlas in R . Let Q n , n £ N, be a sequence in C(A). 
For each n G N let gj n , j = 1, . . .,s, be the functions describing the boundary 
of Q n as in Definition \3.1\ (Hi). Then the sequence Q n , n G N, is convergent 
in (C(A), d A ) if and only if for all j = 1, . . . , s the sequences gj n , n G N, are 
uniformly convergent on Wj . Moreover, if gj n converge uniformly to gj on Wj 
for all j = 1, . . . , s then fl n converges in (C(A), dX) to the open set Q G C(A) 
whose boundary is described by the functions g.j as in Definition ^. 1\ (Hi). 

Proof. It is enough to prove that if the sequences gj n , neN, converge to 
gj uniformly on Wj for all j = 1, . . . , s then the sequence fl n , n G N, converges 
in (C(A),dX) to the open set Q G C(A) whose boundary is described by the 
functions gj as in Definition 13.11 (m) (the rest is obvious). We divide the proof 
into two steps. 

Step 1. We prove that if x G 14 H Vk for h ^ k and r^(x) = (x,gu{x)) for 
some x G Wh then there exists y G Wk such that Tk(x) = (y, gk(y))- Observe that 
x = lim^oo?"^ ^(x, ghn{x)) and there exists n G N such that r h (x,gh n (x)) G 
Vh fl Vk for all n > h. For each n > n there exists y n G Wk such that 
rk{rh' 1 \x,ghn{x))) = {yn,9kn{y n ))- Clearly lim^oo r fc (r[ -1 ^(x, g hn (x))) = r k (x) 
hence lim„_ >00 (y n , gk n (Vn)) = r k (x). By the uniform convergence of g kn to g k on 
W k it follows that there exists y G W k such that lim n _ >00 (y n , g kn {y)) = (y,9k(V))- 
Thus lim n ^ 0O r fc (rj l " 1) (x,5f /in (x))) = (y,g k (y)) and x = r { k ' \y, g k (y)) as required. 

Step 2. We prove that if x G Vh H V k for h ^ k, r/ l (x) = (x,xn) for some 
x G Wh and xn < gh{x) then there exists y G W k such that r k (x) = (y,yN) and 
yN < 9k(y)- Indeed there exists n G N such that x^ < ghn{%) f° r all n > h. Thus 
i £ 14 fl 14 fl f2 n , hence 

(r k (x)) N < g kn {r k {x)), 
and by passing to the limit it follows that 

(r k (x)) N < g k (r k (x)). 
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If (r&(a;))jv = g k (r k (x)), then by Step 1 there exists z G such that r h (x) = 
(z,gh(z)) which implies z = x and gu{z) = %n which contradicts the assumption 
that xn < ghix). Thus we have proved that 

(r k {x)) N < g k (r k {x)). 

In other words, r k (x) = (y,y N ) where y = r k (x), y N = (r k (x)) N , and y N < g k (y) 
as required. 

By Steps 1,2 it follows that the set 

s 

ft = U r i ({(%> x n) ■ x G Wj, a Nj <x N < gj(x)}) 

3=1 

is such that 

Tj(fl fl Vj) = {(x,xn) '■ x G Wj, aNj < xn < 9j{x)} ■ 
Thus fl G C(A). Obviously lim^oo d A (fl n , Q) = 0. □ 

Theorem 8.2 Let A be an atlas in R N . Then (C(A),d A ) is a complete metric 
space. Moreover, for each function u satisfying the assumptions of Definition \7.3 
and for each M > 0, \A) is a compact set in (C(A), d A ). 

Proof. The completeness of (C(A), d A ) and the closedness of the set (A) 
follows directly by Lemma 18.11 (in the second case one should take into account 
that condition (I7.4p with fixed u and M allows passing to the limit). 

By the definition of G^'\A) it follows that for all j = 1, . . . , s the sets Gj = 
{fl , j[^]}n e c u (-)(^) °^ functions <7j[fi] entering Definition 13.11 which are defined on 
the bounded cuboids Wj, are bounded in the sup- norm and equicontinuous due 
to condition (I7.4p where u and M are the same for all ft G C$'\A). By the 
Ascoli-Arzela Theorem the sets Gj, being closed, are compact with respect to the 
sup-norm. 

Let {fi„} ne N be a sequence in (A). Since the sets Gj are compact it 
follows that, possibly considering a subsequence, {gj n }n^N, where gj n = gj[fl n ], 
converges uniformly on Wj to some continuous functions gj, j = 1, . . . , s. By 
Lemma [831 the sequence {f2 n }„ e N converges in (C(A),d A ) to the open set f2 de- 
fined by the functions gj, j = 1, . . . ,s. Therefore the set C^'\A) is relatively 
compact in (C(A),d A ) and, being closed, is compact. □ 



8.2 Comparison of atlas distance, Hausdorff-Pompeiu dis- 
tance, and lower Hausdorff-Pompeiu deviation 

Observe that 

d np (dnx, on 2 ) < d HV {dn x , on 2 ) < d A (n u n 2 ), (8.3) 

for all Qi,Q 2 G C(A). (The first inequality is trivial, the second can be proved 
by using the same argument used in the proof of Lemma [7.141 ) 

The following examples show that d%-p{dflx, dQ,%) can be much smaller than 
d nv (dfli,dfl 2 ), and d nv (dQi,dfl 2 ) can be much smaller than d A (fli,ri 2 ). 
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Example 8.4 Let N = 2, c> a/3 and < e < l/y/3. Let 

Oi = {(xi,x 2 ) G M 2 : c|x 2 | < Xi < c} 

and ^2 = (^i)e- r/ien fii,^2 satisfy inclusion (Til) ) but not \1.2(ty . 

Moreover, the lower Hausdorff-Pompeiu deviation of the boundaries can be 
much smaller than their usual Hausdorff-Pompeiu distance, because 



d HV {dQ 1 ,dQ 2 ) = e and d^ {dVt^dVt^ = eVc 2 + 1. 

Example 8.5 Let a function ip : [0, oo[— > [0, oof be such that ip(0) = ip'ify = 
and ip'(t) > for all t > 0. Let uj : [0, oo[— > [0, oof be the inverse function of ip. 
Let N = 2 and 

fi x = {(x 1 ,x 2 ) G R 2 : u(\x 2 \) <xi< w(l)}. 

Let P = (xi,0) fre a point with x± > sufficiently small so that d(P,dQi) = 
d(P,{(t,ip(t)) : < t < w(l)}) = |P- Q| /or some poznt Q = w ^ 
< £ < VKe set d(P,dQi) = e. By elementary considerations it follows 

that 

*i = £ + 4W(0 and e = ^(0v / l + ^'(0 2 - 

TTws implies that x\ ~ £ and e ~ ■?/>(£) as £ — >• + , aence xi ~ w(e) as e — > + . 
iVo^ /ei f2 2 = (^i) e . Clearly Qi,Q 2 satisfy inclusion \7-19$ and 

sup d(x, dQi) = e. 

However, since P G dQ 2 , we have 

sup d(x, dfl 2 ) > X\ ~ a;(e) 

as e 4 + , hence £l\,£l 2 cannot satisfy \1.2(fy for small values of e because 
lim e _>.o+ w ( e )/ e = 00 ■ Moreover, there exist ci,c 2 > such that for all sufficiently 
small e > 

Cl oo(d nv (dn u dn 2 )) < d HV (dn u on 2 ) < c 2 u(d nr (dn u dn 2 )). 

(The second inequality follows by {1.15 ).) This means in particular that the usual 
Hausdorff-Pompeiu distance d nv between the boundaries may tend to zero arbi- 
trarily slower than their lower Hausdorff-Pompeiu deviation duv ■ 

Example 8.6 Let N = 2. Let A = (p, s, s' , {Vj} s j=1 , {rj} s j=1 ) be an atlas in R 2 
with V\ =} — 2,2[x] — 2, 2[. Let u> : [0, oo[— > [0,oo[ be a continuous increasing 
function such that oj(0) = and, for some k > 0, u(t) > kt for all < t < 1. 
Assume also thatu(l) = 1 and that, for some M > 0, \u(x)—oj(y)\ < Mu(\x—y\) 
for all < x,y < 1. Let < e < 1/2. Let Q u n 2 G C$'\A) with 

n(fii n V x ) = {(xi, x 2 ) : -2 < Xl < 2, -2 < x 2 < ftiK)} 
ri(Q 2 nT4) = {(xi,x 2 ) : -2 < xi < 2, -2 < x 2 < ai 2 (xi)} 
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where 



= < V^l\', (8.7) 



ifl<|xi|<2, 

gii(xi — e) if — 2 + e < < 2, 
if - 2 < xi < -2 + e , 



and f2i fl Vj = f2 2 H Vj /or all 2 < j < s . It is clear that d nv (dQi, dQ 2 ) < e ; 
d^i, ft 2 ) > o n (0) - a 12 (0) = w(e). 77ms 

dft 2 )) < d^i, fi 2 )- (8.9) 
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